In 1985, V. G. Pestov described a neighborhood base at the identity of free topological groups on a Tychonoff space in terms of the elements of the fine uniformity on the Tychonoff space. In this paper, we extend Postev's description to the free paratopological groups where we introduce a neighborhood base at the identity of free paratopological groups on any topological space in terms of the elements of the fine quasiuniformity on the space.
Introduction
In 1982, M. G. Tkačenko [6] introduced a neighborhood base at the identity of the Markov free topological group F (X ) on a Tychonoff space X in terms of the elements of the finite power of the fine uniformity on the space X . However, in 1985, V. G. Pestov [5] suggested a neighborhood base at the identity of the Markov free topological group F (X ) on a uniform space (X ). This description applies for the free topological group F (X ) on a Tychonoff space X when the fine uniformity on X is considered. In this paper, we rely heavily on the results in Theorem 3.1 of [1] to introduce the extended version of the Pestov's description to the Markov free paratopological group FP(X ) and the Markov free abelian paratopological group AP(X ) on a space X in terms of the fine quasi-uniformity on X . A. S. Elfard [2] introduced a neighborhood base at the identity of free paratopological groups FP(X ) and AP(X ) on an Alexandroff space X . This neighborhood base in both groups FP(X ) and AP(X ) depend on the using of the sets U( ) for all ∈ X , where U( ) = {U : U is open in X and ∈ U}. Finally, we show how the neighborhood base at the identity of free paratopological groups on an Alexandroff space which described by Elfard [2] can be obtained from the general case. The author wishes to thank associate professor Peter Nickolas for helpful comments.
Definitions and Preliminaries
We recall that a paratopological group is a pair (G ) where G is a group and is a topology on G such that the mapping (
of G into G is continuous then (G ) is a topological group. If (G ) is a (topological group) paratopological group, then simply we denote it by G.
The next result is from Marin and Romaguera [4] . Our main reference for the theory of quasi-uniform spaces is Fletcher and Lindgren [3] . Let (G ) be a paratopological group. Then it admits two natural quasi-uniformities, the left quasi-uniformity G and the right quasi-uniformity G , which can be described in terms of a neighborhood base N at the identity of G.
Proposition 1.

Let G be a group and let
then the families {L U : U ∈ N } and {R U : U ∈ N } are bases for the left quasi-uniformity G and the right quasi-uniformity G , respectively.
We note that the right quasi-uniformity G has to be as defined above to introduce the topology on G which is different from the right uniformity in case of G is a topological group and that is because of the lack of the symmetry in the paratopological group G.
We assume that the reader is familiar with free topological groups and free paratopological groups.
Definition 2 ([1]).
Let X be a subspace of a paratopological group G. Suppose that (1) the set X generates G algebraically, that is, X = G and (2) every continuous mapping : X → H of X to an arbitrary paratopological group H extends to a continuous homomorphismˆ :
Then G is called the Markov free paratopological group on X , and is denoted by F P(X ). By substituting "abelian paratopological group" for each occurrence of "paratopological group" above we obtain the definition of the Markov free abelian paratopological group on X and we denote it by AP(X ).
Let FP(X ) be the free paratopological group on a topological space X . For ∈ N we denote by FP (X ) the subset of FP(X ) consisting of all words of reduced length at most .
Let X be a set. Let F (X ) be the abstract free group and A (X ) be the abstract free abelian group on X . Then we define
for all ( ) ∈ X × X . For the abelian case we define *
For the definition of the fine quasi-uniformity on a topological space X see [3] and we denote it by * . The next result is Theorem 3.1 of Elfard and Nickolas [1] .
Theorem 3.
Let X be a topological space. Then the collection B of sets
is a base of neighborhoods at the identity in FP
2 (X ).
Neighborhood base at the identity
Pestov [5] described a neighborhood base at the identity of the free topological group F (X ) on a Tychonoff space X . Now we start to introduce an analogous of the Pestov's description for the free paratopological group FP(X ) on a space X .
Let X be a fixed topological space and let * be the fine quasi-uniformity on X . Set M be the family of all countable sequences of mappings F (X ) → * . For any ψ : F (X ) → * , we define
Let ∈ N and let S be the group of permutations of the set {1 2 }. Then for each countable sequence Ψ ∈ M ,
The next result is Lemma 1.3 of Tkachenko [6] .
Lemma 4.
Let G be a group with the identity element and let {V : ∈ N ∪ {0}} be a countable collection of subsets of G such that ∈ V and V
3 +1 ⊆ V for each ∈ N ∪ {0}. Let ∈ N ∪ {0} 1 ∈ N such that =1 2 − < 2 − . Then V 1 V 2 · · · V ⊆ V .
Lemma 5.
If V is a neighborhood of in F P(X ), then there exists ψ : F (X ) → such that E(ψ) ⊆ V .
Proof. Let 
It follows that E(ψ) ⊆ V and therefore, the lemma is proved.
Lemma 6.
Let ψ γ : F (X ) → * and let ψ( ) ⊆ γ( ) for all ∈ F (X ). Then E(ψ) ⊆ E(γ).
Theorem 7.
The collection W F as defined above is a neighborhood base at the identity for the free topology of the group FP(X ).
Proof. We show first that W F is a neighborhood base at for a paratopological group topology O F on F (X ) by
showing that W F satisfies the axioms of Proposition 1.
(1) Let W (Ψ) W (Γ) ∈ W F , where Ψ Γ ∈ M such that Ψ = (ψ ) ∈N and Γ = (γ ) ∈N . Let ξ : F (X ) → * defined by ξ ( ) = ψ ( ) ∩ γ ( ) for all ∈ F (X ) and ∈ N. Therefore, Ξ = (ξ ) ∈N ∈ M and by Lemma 6, we have E(ξ ) ⊆ E(ψ ) ∩ E(γ ) for all ∈ N. Fix ∈ N and π ∈ S , so we have
and so E (Ξ) ⊆ E (Ψ) ∩ E (Γ). Since is an arbitrary element in N, therefore,
For all ∈ N and ∈ FP(X ), define γ :
Fix ∈ N π ∈ S and ρ ∈ S . We claim that
In fact, if = , then define σ ∈ S 2 by
From Lemma 6 and the definition of σ it follows that
Then from Lemma 6 and the definition of σ we get
If < , then we can do a similar proof for < . Since are arbitrary in N, therefore,
+ for all ∈ N and let Γ = (γ ) ∈N . Then Γ ∈ M and then W (Γ) ∈ W F . Fix ∈ N, σ ∈ S and define ρ ∈ S + by;
Since σ are arbitrary, therefore, W (Γ) ⊆ W (Ψ). Also, by the same way we can prove that
Let ∈ W (Γ). Then there are ∈ N and π ∈ such that ∈ E(γ π (1) ) · · · E(γ π( ) ) and then
Thus we satisfied conditions (1)- (4) of Proposition 1, therefore, W F is a base for a paratopological group topology O F on F (X ). We show second that the topology O F is finer than the free topology F P of F P(X ). Let U be a neighborhood of in F P(X ). Choose a sequence (V ) ∈N of open neighborhoods of in F P(X ) such that V 0 ⊆ U and V 3 +1 ⊆ V for all ∈ N. By Lemma 5, there exists Ξ = (ξ ) ∈ M such that for every ∈ N we have E(ξ ) ⊆ V . Also, if ∈ N and π ∈ S , then by Lemma 4, we have
This proves that the topology O F generated by the family W F is finer than the topology F P . We show third that the topology O F | X is coarser than the original topology on X . Let Ψ = (ψ ) ∈N ∈ M . Since * is compatible with the topology of X , for all ∈ F (X ), ∈ N and ∈ X , ψ ( )[ ] is a neighborhood of in
thatn the original topology on X . It follows that W F is a neighborhood base at for F P(X ). Now we describe a neighborhood base at the identity 0 A of the free abelian paratopological group AP(X ). This description is similar to the Yamada's description [7] for the free abelian topological group A(X ) on a Tychonoff space X . Let K be the collection of all countable sequences of elements of * . For each = (U ) ∈N ∈ K , we define the set
and the set
Since ∆ ⊆ U for all U ∈ * , 0 A ∈ W ( ) for all ∈ K . So we have the next result and it is easy to prove.
Theorem 8.
The collection W A as defined above is a neighborhood base at the identity 0 A for the free topology of the abelian group AP(X ).
The neighborhood bases W F and W A in case of Alexandroff space
The next definitions and notations is of Fletcher and Lindgren [3] .
Let X be a topological space and let U ⊆ X × X . If U[ ] is a neighborhood of for all ∈ X , then U is called a neighbornet of X . A sequence {U } ∈N of neighbornets of X is a normal sequence if U +1 • U +1 ⊆ U for each ∈ N, and a neighbornet U is a normal neighbornet if U is a member of some normal sequence of neighbornets of X .
Remark 9.
Let X be atopological space and let * be the fine quasi-uniformity on X . Then the fine quasi-uniformity * consists of all normal neighbornets of X [3] .
We recall that a topological space X is said to be Elfard [2] introduced neighborhood bases at the identities of the free paratopological group FP(X ) and the free abelian paratopological group AP(X ) on an Alexandroff space X . We show how the neighborhood base at the identity of FP(X ) on Alexandroff space X which is described in [2] can be obtained as a corollary of Theorem 7. The same ideas can be applied for the abelian case. Now let X be a fixed Alexandroff space. Let N F be the smallest normal submonoid of F (X ) containing the set U F = 
Corollary 10.
The sets W (Ψ 0 ) and N F are equal.
